10 | Cofibrations

10.1 Definition. A map i: A — X has the homotopy extension property for a space Y if for any
commutative diagram of the form

there exists a map h: X x [0,1] — E such that hi = f and ph = h. Here PY is the path space of Y
and evg: PY — Y is the evaluation at 0 map: evp(w) = w(0).

Equivalently, i: A — X has the homotopy extension property for Y if given any map f: X — Y and a
homotopy h*: A x[0,1] = Y such that hg = fi we can find a homotopy h¥: X x [0, 1], such that Eg =f
and h¥(i(a), t) = h¥(a, t) for all (a,t) € A x [0,1].

In this setting we will say that h* is an extension of h* beginning at f.

10.2 Definition. A map i: A — X is a cofibration if it has the homotopy extension property for any
space Y. In such case we also say that the space X/i(A) is the cofiber of i.

10.3 Example. By Theorem 2.14 if (X, A) is a relative CW complex then the inclusion i: A — X is a
cofibration.

Recall that the mapping cylinder of a map f: X — Y is the quotient space

M = (X x[0,1]U Y)/~
where (x,0) ~ f(x) for all x € X. We have a map s;: My — Y x [0, 1] such that s¢(x, t) = (f(x), t) for
(x,t) € X x[0,1] and f(y) = (y,0) for y € Y.
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10.4 Proposition. For a map i: A — X the following conditions are equivalent:

1) The map i is a cofibration.
2) The map i has the homotopy extension property for the space M;
3) There exists a map r¢: X x [0,1] = M; such that risy = idpy,

Proof. Exercise. O
10.5 Corollary. Ifi: A — X is a cofibration then i is an embedding.

Proof. Exercise. Use condition 3) in Proposition 10.4. O
10.6 Proposition. Given any map f: X — Y the map ir: X — My given by if(x) = (x,1) is a cofibration.

Proof Exercise. O

10.7 Note. Given a map f: X — Y, let df: My — Y be the strong deformation retraction. As a
consequence of Proposition 10.6, we have a commutative diagram

d
— M

AN
X

Y

where ir is a cofibration. A homotopy inverse of df is given by the inclusion map js: Y — M.

10.8 Note. Recall that the mapping cone of a map f: X — Y is the space Cf = M¢/X x {1}. The
space Cy is the cofiber of the cofibration if: X — M;.

10.9 Coexact Puppe sequence. The construction of the coexact Puppe sequence of a map is dual to
the construction of the exact Puppe sequence given in Chapter 9.

As in Chapter 9 we will be interested here in pointed spaces and homotopy classes of maps that
preserve basepoints. In this case we will use a slightly weakened version of a cofibration: a map
of pointed spaces i: (A, ag) — (X, xo) is a cofibration if has the homotopy extension property for all
pointed maps (X, xo) = (Y, yo) and pointed homotopies A x [0,1] — Y. In this context we modify the
constructions of the mapping mapping cylinder and the mapping cone as follows:

10.10 Definition. For a map of pointed spaces f: (X, xo) — (Y, yo) the reduced mapping cylinder of f
is the space My = M¢/{xo} x [0,1]. The reduced mapping cone is the space Cy = M¢/X x {1}.
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The reduced mapping cylinder and mapping cone come with a natural choice of basepoints. As in (10.7)
for any map f: (X, xg) — (Y, yo) we have a commutative diagram

[
—— M
N /L
X

where i is a pointed cofibration and dy is a pointed homotopy equivalence. Also, C; is the cofiber of i;.

Y

10.11 Definition. A sequence of maps of spaces

fi f-
(X0, X0) —= (X1, x1) — (X2, x2)

is coexact at X is for any pointed space (Y, yo) the sequence pointed sets
i fi
is exact at [X1, Y.

10.12 Proposition. /fi: A — X is a cofibration, q: X — X[i(A) is the quotient map, xo € A then the
sequence (A, x0) — (X, i(xo)) 4, (XA, qi(xo)) is coexact at X.

For any map f: (X, x0) = (Y, yo) consider the sequence

x Ly,

where q(f)(y) = (y,0). Since this sequence is homotopy equivalent to the cofibration sequence

L v . . . . . . . . .
X = My — Gy, is is coexact at Y. Continuing this construction inductively we obtain a coexact
sequence

f fl = @) = 3 = ') =
XLy e, T DT DTy — - (%)

As in Chapter 9 our goal will be to show that this sequence admits a more convenient description. This
will depend on two facts that dualize Propositon 9.4 and Corollary 6.18

10.13 Proposition. For any map f: (X, x0) — (Y, yo) the map q(f): X — Cy is a cofibration.

Proof Exercise. O

10.14 Proposition. If f: (X, x0) — (Y, yo) is a cofibration then the quotient map
Cr— Y/f(X)

is a homotopy equivalence.
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Proof. Exercise. O

Notice that C/q(f) = ZX, where LX is the reduced suspension of X. In this way we obtain:

10.15 Proposition. For any map of pointed spaces f: (X, xo) — (Y, yo) we have a commutative diagram

n _ q¥h —
% f Yq() fq()Cq(f)

N

X

Applying Proposition 10.14 iteratively to the sequence (x) we get homotopy equivalences

Cqi) — IX
E\Cl
Con — ECy

Corn — ECqin ~ T°X

— ~ — o §2
CqS(f) h— ZCqZ(f) —= Z Y

Z(f) i) ZY

Moreover, one can check that the following diagram commutes up to homotopy:

f af) = ¢ = @) — a'(f) - 7N —~
X—Y — f—> Lq() —™ CqZ(f) —_— q3(f) — Cq4(f) _— ...

R N A O

X—Y —>Cf—IX — XY —> IC; —> I?2X — ...
f q(f) ) rf q(f) Ig

10.16 Definition. The sequence in the lower row of the diagram (xx) is called the Puppe coexact
sequence associated to the map f.

As a consequence, for any map of pointed spaces f: (X, xo) = (Y, yo) and any pointed space (Z, zp)
we obtain a long exact sequence of sets:

X, 2 <= 1v, 2. 2006, 21, =X, 20 Epy, 21, FEY (56, 20 £ (52X, Z) e— ... (K)
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Starting with [EX, Z], the sets in this sequence have a group structure defined by the suspension, and
all maps are homomorphisms of groups. Starting with [Z?, Z], all groups are abelian.

10.17 Note. 1) Using the adjunction adj: [EX, Y], =, [X, QY] as in (9.15) we can rewrite the
sequence ("X) in the form

X, 2 <= 1v,z1. 1€, 2. < 1x, 021, vz Y6 070 L X, Q27) —
In this setting, groups structures are induced the multiplication in loop spaces.

2) Assume that the map f: (X, xo) — (Y, yo) is a cofibration. Using Corollary 10.5 we can then assume
that X is a subspace of Y and that f is the inclusion map. By Proposition 10.14 we have Cf ~ Y/X,
so the above sequence can be written as

(X, Z]s «— [Y Z), [Y/X Z — [X OZ), — [Y Q7] — [Y/X OZ), — g & [X,0%Z7), —

where g: Y — Y/X is the quotient map.



