12 | All Groups Are
Homotopy Groups

Recall that van Kampen's Theorem implies that for any group G we can find a space X such that
m1(X) = G. The goal of this chapter is to extend this result to higher homotopy groups. Since all
groups 1, (X) with n > 2 are abelian (3.4), we will show that the following holds:

12.1 Theorem. For any abelian group G and any n > 2 there exists a space X such that ,(X) = G.
Moreover, such space X can be constructed in such way, that X is a CW complex and X"~ = .

For every abelian group G there exists an epimorphism ¢: @,.;Z — G for some set /. Indeed, it is
enough to take / = G, the set of elements of the group G. Then we can define ¢ by ¢(es) = g, where
eg is the generator of the copy of Z C @, Z indexed by g. Given such a homomorphism ¢ we get
G =D,/ Z] ker(p).

Based on this, in order to prove Theorem 12.1 it will suffice to show that:

1) for any set / and n > 2 there exists a space X such that 7,(X) = @,z Z.

2) for any subgoup H C P, Z and any n > 2 there exists a space X such that ,(X) = @, Z/H.

12.2 Lemma. Let {(Xi, X;)}ic/ be a family of pointed Hasdorff spaces. Let X =\/,c, Xi, and let x € X
denote the basepoint. For k € | let ri: X — Xi be the retraction map. Then for any n > 2 we an

epimorphism @: 7,(X, %) = @, 71 (Xi, Xi) given by @((w]) = Yo ris((w)).

Proof. For each k € I let ji: Xk — X be the inclusion map. We have a homomorphism

Y= Bic)fix: Dics mn(Xis Xi) = 70 (X, %)

The retractions r; define a map
@ = [ligs rie: (X, %) = [ i) 70 (X, Xi)
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We claim that Im(¢) C @) (X, X)) C [ i) mn(Xi, Xi). Indeed, if w: (I7,01") — (X, %) is a map
representing an element [w] € 7, (X, %), then, by compactness of /", we have w(/") N X; # * for finitely
many i € / only, and so ri([w]) # O for finitely many i € I. Thus ¢((w]) C P, 7m0 (Xi, Xi). It follows
that we can consider ¢ as a homomorphism 7, (X, *) = €D, 7a(Xi, Xi).

Since riji = idy, for all i € I, and ryj;i is the constant map for all i # ¢/, it follows that @y is the
identity homomorphism, and so ¢ is onto. O

12.3 Note. In general, the epimorphism ¢ in Lemma 12.2 is not an isomorphism. For example, recall
(5.11) that for n > 2 we have m,(S"v S") = 77(Viez S")- By Lemma 12.2 we get an epimorphism

70(STV S") = 71,(Vier, S") = Pier, Z

which shows that the group ,(S' vV S") is not finitely generated. Therefore ,(S' Vv S") % m,(S") @
7,(S") = Z.

12.4 Proposition. Let {(X;, X;)}ie/ be a family of pointed CW-complexes. Given n > 1, assume that
each complex X; is n-connected. Then the homomorphism @: 1, (\/ ;o) Xi, *) = @) 7m(Xi, Xi) is an
isomorphism for m < 2n.

Proof. For each CW complex X; we can assume that x; is a 0-cell of X;. Also, by Proposition 5.6 we
can assume that X; has no other O-cells, and no k-cells for k < n .

By Proposition 12.4 ¢ is onto. It will suffice to show that ker ¢ = 0 for m < 2n.

Assume first, that the set / is finite, so \/;,c; Xi = Xj V--- V X for some k > 0. Take the product
X1 x ... x Xg. The inclusion maps ¢;: Xj — Xq x ... x Xi given by ¢j(x) = (X1,...,Xj—1, X, Xj41, ... Xk)

define an embedding ¢: X1 V...V X = X1 x ... x Xi. This gives a commutative diagram:

s

T (X1 V..oV Xk)

JTm(X1 X ... X Xk)

¢ =

D)1 i1 (X) [Ty k1 (X)

This shows that ¢ is a monomorphism if any only if ¢ is one. If Xi,..., Xk are finite CW complexes,
then the space Xj x --- x X also has the structure of a CW complex, with cells given by products
e X --- X e where e; is a cell in X;. All cells of X7 x - -+ x X, that are not contained in X7V ---V X
have dimension 2n + 2 or higher, so X1 V ---V X is the (2n 4+ 1)-skeleton of X7 x --- x Xi. Thus, by
Proposition 5.2, ¢, is an isomorphism for all m < 2n.

Next, assume that the set / is infinite, and let w: (I"™,d/") — (\/;c; Xi, *) be a map such that ¢([w]) = 0.
By compactness of /™ we have w(/™) N X; # * for finitely many i € / only. Thus we can consider w as

"This uses the fact that if X; ~ X/ for all i € / then \/,_,; X; = \/ X/, This holds for well-pointed, path connected spaces.
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a map w: (I",01") = (Xi, V...V Xi, *) for some i1, ..., i, € I. Since ¢([w]) = 0, the homomorphism
Xy V...V X,) = @fﬂ 7tk+1(Xi;) also maps [w] to 0. By the finite case this means that [w] = 0. [

12.5 Note. The proof of Proposition 12.4 uses the fact that if X and Y are CW complexes, then X x Y
has the structure of a CW complex with cells given by products of cells in X and Y. An issue with this
statement is that the topology induced on X x Y by this cell structure (where aset U C X x Y is
open if and only if its intersection with each cell is an open subset of the cell) need not be the same
as the product topology on X x Y. The topology induced by the cell structure on X x Y is called
the compactly generated topology. Let X x4 Y denote the product taken with this topology, and let
X x Y denote the product taken with the product topology. Every open set in X x Y is also open in
X Xcg Y, so the identity map id: X x4 Y — X x Y is continuous. Moreover, this map induces an

isomorphism of homotopy groups 7,(X Xcg Y) — 7,(X x Y) for all n. For this reason this change of
topology does not affect the proof of Proposition 12.4.

12.6 Corollary. For any set | and any n > 2 we have an isomorphism

7tn(Vies ") = DiciZ
Moreover, the group m,(\/;c; S") is generated by elements [ji] for k € | where ji: S" — \/,.,;S" is
the inclusion of the k-th copy of S".

12.7 Proposition. Let (X, xp) be a simply connected space, and let @;: (S",so) — (X, x0) be maps
representing elements of 7,(X, xo) for some n > 2. Consider the space Y = X U|; ef“ obtained by
attaching (n 4+ 1)-cells to X using ¢; as the attaching maps. If j: X — Y is the inclusion map, then
the induced homomorphism

Js o (X, x0) = (Y, xo0)

is an isomorphism for k < n and an epimorphism for k = n. Moreover, ker(j.: 7,(X, Xo) = (Y, X0))
is the subgroup of 7,(X, x0) generated by the elements [¢].

Proof. We can consider the pair (Y, X) as a relative CW complex with the n-skeleton given by X.
Then j, is an isomorphism for k < n and epimorphism for k = n by Proposition 5.2. Notice that by
Proposition 11.3 this is equivalent to saying that the pair (X, Y) is n-connected.

It remains to verify the statement about the kernel of j, for kK = n. Consider the exact sequence of the
pair (Y, X):
o a1 (Y, X) =2 (X)) =5 (V) = (Y, X) > .

We have kerj, = Imd. Since the pair (X, Y) is n-connected and, by assumption, the space X is
1-connected, from Theorem 11.5 we obtain that the quotient map g: Y — Y/X induces an isomorphism

Gt Tt (Vo X) = a1 (YIX) = masa(V, S = e

This implies that 7, 1(Y, X) is generated by homotopy classes of maps @;: D"*' — Y which are the
characteristic maps of the cells e”*'. The boundary homorphism is given by d[®,] = [¢:] Therefore
Im 0 = ker js is the subgroup of 7,(X) generated by the elements [¢;]. t
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Proposition 12.7 can be generalized to non-simply connected spaces as follows. Recall (4.14) that
higher homotopy groups admit the action of the fundamental group:

71(X, x0) X 7, (X, x0) — 7,(X, x0)
(7], [w) = [r]o]w]
We have:

12.8 Proposition. Let (X, xo) be a space which is connected, locally path connected, and semi-locally
simply connected. Let ¢;: (S”,s0) — (X, x0) be maps representing elements of m,(X, xg) for some
n > 2. Consider the space Y = X U|J; e7*" obtained by attaching (n + 1)-cells to X using ¢; as the
attaching maps. If j: X — Y is the mcluszon map, then the induced homomorphism

Je: (X, x0) = 7k (Y, x0)

is an isomorphism for k < n and an epimorphism for k = n. Moreover, ker(j.: 7,(X, Xo) = 7,(Y, X0))
is the subgroup of 7,(X, x0) generated by the elements [w] © [¢;] for all [w] € m1(X, xo).

Proof. The only non-trivial part is the statement about ker/* The conditions on the space X guarantee
that it has a universal covering px: X = X. Let pX (x0) = {Xk}kek and let @;x: S" — X denote the

lift of ¢; such that @; (so) = Xk. Let Y = XUU ”+1 be the space obtained by attaching (n + 1)-cells

to X using ¢; ¢ as attaching maps. The natural map py: Y = Y is a universal covering of Y. We get a
commutative diagram:

j*

where J: X = Y is the inclusion and X € p;1(xo). Since px« and py, are isomorphisms (5.9), we
obtain that ker j, = px«(ker j).

For each X, € p~'(xo) let @y be a path in X such that wk(0) = xo and wk(1) = k. Then for each
[w] € (X, x0) we have [w] = [px @] for some k. Let s: m,(X, Xk) — 7,(X, x0) be the change of the
basepoint isomorphism defined by wy (4.4). Since X is simply connected, using Proposition 12.7 we
obtain that ker j, is generated by the elements sy[@; k] for all i, k. Thus ker j, is generated by elements
Px«Sk[@ik]- It remains to notice that px.sk[@i k] = [pxwk] © [pxPik] = [pPxwk] © [¢i] (exercise).

O

Proof of Theorem 12.1. Given an abelian group G and n > 2, we can find a set [ and an epimorphism

o JT,,(\/S”) ;@Z* G

iel iel
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Let ker ® = {[px: S" — Vo) S"]}kek, and let X be the space obtained by attaching (n + 1)-cells to
Ve S" using the maps ¢;. By Proposition 12.7 we obtain 7,(X) = 7,(\/;c; S")/ ker & = G. O

12.9 Definition. Given a group G and an integer n > 1, an Eilenberg-MaclLane space of the type
K(G, n) is a path connnected CW complex X such that

i
m(X);{G ifi=n

0 otherwise

12.10 Note. Eilenberg-MacLane spaces are not uniquely defined, but as we will see later (14.10), they
are unique up to homotopy equivalence. By abuse of notation we will write X = K(G, n) to indicate
that X has the type of K(G, n).

12.11 Example. S' = K(Z,1).
12.12 Example. Recall that the n-dimensional real projective space RP" is the quotient space of S”

obtained by identifying antipodal points: RP" = S"/ ~ where x ~ —x for all x € S". The quotient
map g: S” — RP" is the 2-fold universal cover of RP". It follows that

~ | Z]2 ifi="1
mren = |2 we
m(S") i>2
Embeddings of spheres S' < S? < ... induce embeddings of projective spaces RP' < RP? — . ...

Take S = J72, S" and RP*® = [ J°2; RP". The quotient map g: S®° — RP* is a 2-fold universal
covering of RP*. Since S* is a contractible space (2.18), we obtain
~ |22 ifi=1
R
0 if >2
Therefore RP* = K(Z/2,1).

12.13 Example. Recall (7.21) that for a complex projective space the quotient map p: S?"*! — CP" is
a Serre fibration with the fiber S'. The long exact sequence of this fibration gives

0 ifi =1
m(CP") =1 Z ifi=2
7(S?Y) ifi >3

The embedding maps S® < S° — ... induce embeddings CP' — CP? — .... We again have
S = o2, S+, Also, define CP™ = [ J2; CP". The map p: S® — CP* is again a Serre fibration
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with fiber ST. Since S* is contractible, the long exact sequence of this fibration gives

0 ifi=1
m(CP®) 247 ifi=2
0 ifi>3

Thus CP® = K(Z, 2).

12.14 Proposition. For any n > 1 and any group G (abelian if n > 2) there exists an Eilenberg-
MacLane space K(G, n). Moreover, it is possible to construct such space so that K(G, n)"~" = x.

Proof. By Theorem 12.1, if n > 2 then we can find a path connected CW complex (X,, xo) such that
Xﬁ”‘” = x and
~ |G UHi=n
Tt Xn, X0) =
( o) {0 ifi<n
For n =1 such CW complex can be constructed using van Kampen’s theorem. Let X, 11 be the space
obtained by attaching an (n + 2)-cells to X, using all possible maps (S"*',sg) — (X,, x0). Then
Xn C Xp+1, and using Proposition 5.2 we obtain

0 iHi=n+1
i(Xns1,x0) =1 G ifi=n
0 ifi<n

In the same way, for any m > n + 1 we can can inductively construct a space X, such that X, is
obtained by attaching (m + 1)-cells to X,_1 and

0 ifn<i<m
Ti(Xmx0) =3 G ifi=n
0 ifi<n

Then we can take K(G, n) = s, Xin. O

12.15 Corollary. For any sequence of groups Gy, Gy, ... such that G; is abelian for i > 2, there exists
a path connected CW complex X such that 7;(X) = G; for all i > 1.

Proof. Take X =[132, K(G;, i). O



