19 | Spectral Sequence
From a Filtration

The goal of this chapter is to describe a construction of a spectral sequence associated to a filtration
of a chain complex. By a chain complex we will mean here a non-negatively graded chain complex, i.e.
a chain complex of abelian group

d d d
o= G = G = G >

such that C, =0 for n < 0.

19.1 Definition. Let C, be a chain complex. A filtration of C, is a sequence of subcomplexes
0=F 4G CFCG C...CC
such that Up FpCi = Ci. The filtration is first quadrant if Hy(F4C./Fq-1Cy) =0 for p < q.
19.2 Example. Let X be a CW complex. The filtration of X with respect to the skeleta
g=XcxWcx®c. . .cx
defines a filtration of the sinqular chain complex of X:
0=CcxXMcaxMcax?c...caX)

Since Hp(C*(X(q)), Ci(Xla=1)) = Hp(X(Q),X(q_”) = 0 for p < g, so this is a first quadrant filtration.

19.3 Note. A filtration {F,C.} of a chain complex C, induces a filtration of homology groups of C,
0= F_1Hp(C) C FiH,(G) C ... CH(G)

where F,H,(C.) == Im(H,(F,C,)) = H,(C)). Since |J F,C. = C, we have Up FpHn(C) = Hp(C).
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Assume that we are given a chain complex C, with differentials 0: C, — C,_1, and that {FPC*} is
a filtration of C.. Denote Eg,q = FpCptqlFp-1Cp1rq. We will consider subgroups Bye,, Z;% C Eg,q
defined as follows:

2y = {Ixl e Eg,q | 0z =0 € Cpiq—1 for some z € [x]}
By, ={lx] € ED, | 0b € [x] for some b € Cpq41}

We have Bg?q - ng’q. Define E;,’"’q = ng’q/Bg?q.
19.4 Proposition. EJ5, = FpHpiq(C)IFp—1Hpiq(Cs).

Proof Exercise. O

The spectral sequence we are constructing will introduce intermediate stages Eg,q between E;?,q and

Eﬁfq such that each stage is closer approximation of ng’q. More precisely, for r = 1,2, ... define:
Z,q=1lx1 € Eg’q | 0z € Fp—;Cpyq—1 for some z € [x]}
B,,=1{lx] € Eg’q | 0b € [x] for some b € Fyir 1Cyigi1}

We have inclusions
1 2 00 00 2 1
By,CBC...CBX, CZ%C..CZ, CZ),

Define: E;’q = Z;’q/B[’,’q.

19.5 Proposition. In the setting described above we have

1) B2, =, By, and Z3% =, Z5,o.
2) E} o = HysglFpCulFpei Co).

Proof Exercise. O

19.6 Note. Since F,C, = 0 if p < 0, we get that E;’q = 0for p < 0. If F,C; is a first quadrant
filtration, then we also get E;’q =0for g <0.

The groups E; . will form pages of our spectral sequence. In order to finish the construction we
still need to specify differentials d": E; , — E} This can be done as follow. By definition,

p—r,g+r—1°
every element of £/ . = Z; /By, . is represented by z € F,Cyyq such that 0z € £, Cpiq. We set
d'(z]) = [0z].

19.7 Proposition. The function d": E; , — E,_ . 4 is a well-defined homomorphism. Moreover,
d"d" =0 and H, ¢(EL.. d") = Ej1.
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Proof. Exercise. O

Here is a result summarizing the above constructions:

19.8 Theorem. Let C,. be a chain complex with a first quadrant filtration
0=F_1C. CFoC. C...CC

such that Up FpCi = Cy. Then there exists a first quadrant spectral sequence Ej, such that

o Epq = HpiqlFpCilFpa(G));
e the sequence converges to H.(Cy).

Applying this to the singular chain complex of a topological space we obtain:

19.9 Theorem. Let X be a space with a filtration
=X 1CXpCXiC...CX

such that for every compact subset A C X we have A C X, for some p > 0. Assume also that
Hy(Xq, Xq—1) = 0 for p < q. Then there exists a first quadrant spectral sequence E;, such that

° E;’q = Hpiq(Xp, Xp—1)
e The sequence converges to H.(X). More precisely,

£ = FpHpro(X)IFp—tHpiq(X)

where FyHp(X) = Im(Hy(X,) = Ha(X)).

Proof. The filtration of the space X induces a filtration of the singular chain complex of X:
0 = Gi(X1) € Ci(Xo) C C(Xq) C ... C C(X)

The condition on the compact sets in X implies that Up Ci(Xp) = Gi(X). Thus the statement follows
from Theorem 19.8. O

19.10 Note. The differentials d': E;’q = Hpiq(Xp, Xp—1) = Hprg-1(Xp—1, Xp—2) = E;—Lq can be
more explicitly described as compositions

5
Hp1q(Xp, Xo—1) = Hp1g-1(Xp—1) = Hpig—1(Xp-1, Xp—2)

where 9 is the boundary map from the homology long exact sequence of the pair (X, X,_1).
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19.11 Example. For a CW complex X consider the filtration of X by its skeleta:
g=XcxOcxOc. . cx
In the spectral sequence associated to this filtration we have

Hp(X(P),X(P—U) ifg=0

E'" = H, ., (XP xP=1)y =
P bl ) 0 otherwise

As a consequence the first page of the spectral sequence looks as follows:

0 | Ho(X®, xt=M) ﬁ Hy (XM, XO) <= Hy(X@, X1y - -+

0 1 2

The spectral sequence collapses at the second page, so Equ = Epe,- We also have

o (Hpeg(XP) = Hyg(X) o [Hp(X) g =0
PO Im(Hpyq(XP=) = Hppq(X)) 0 otherwise

As a consequence, singular homology groups of X are isomorphic to the homology groups of the chain
complex given by the first row of E'. This chain complex is the cellular chain complex of X.



