% | Dependence on
The Basepoint

Let X be a space, and let xp, x; € X. Recall that any path 7:[0,1] — X such that 7(0) = xo and
7(1) = x1 defines a isomorphism of fundamental groups

s m(X, x1) = m(X, xo)

given by s;([w]) = [T * w * T], where T is obtained from t by reverting orientation.
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In a similar way, given a path 7:[0,1] — X with 7(0) = xop and 7(1) = x; we can define a map
st (X, x1) = 7,(X, x0). To do this, given a map w: (/”,91") — (X, x1), define a map w,: (I",0/") —
(X, x0) as follows:

The smaller cube is mapped by w and each radial ray joining the boundaries of the larger and smaller
cube is mapped by the path .
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Let 711 (X, x0, x1) denote the set of homotopy classes of paths 7:[0,1] — X such that 7(0) = xo and
7(1) = x1, with homotopies preserving the endpoints.

4.1 Lemma. Let w, w': (I",01") — (X, x1) be maps such that w ~ w’ (rel 31"), and let 7, 7": [0,1] —» X
be paths such that T(0) = 7/(0) = xo, 7(1) = 7'(1) = xy and T ~ 7’ (rel {0,1}). Then w; ~ W', (rel 9I").

Equivalently, if [w] = [w'] € 7m,(X, x1) and [1] = [T'] € m(X, x0, x1) then [w;] = [w],] € 7,(X, X0)
Proof. Exercise. O

4.2 Note. The homotopy class [w;] can be also described as follows. Consider the homotopy h: d/" x
[0,1] = X given by h(x, t) = 7(1 — t). Since the pair (/",0/") has the homotopy extension property,
we can extend h to a homotopy h: /" x [0,1] — X such that hg = w. The map h; defines an element
[h1] € (X, x0). This element does not depend on the choice of the extension h (exercise), and we
have [h1] = [w,].

4.3 Note. Recall that elements of 7,(X, x1) can be alternatively defined as pointed homotopy classes
of maps w: (5", s0) = (X, x1). In this setting, for [7] € 71(X, x0, x1) the element [w;] € m,(X, x0) can
be described using a similar approach as in (4.2). Given such w and t we can define a function

h: (8" x {0} U ({so} x[0,1]) = X

so that h(s,0) = w(s) and h(sp, t) = 7(1 — t). Since the pair (S", sg) has the homotopy extension
property, thus h can be extended to a homotopy hi: S” x [0,1] — X. One can check that the pointed
homotopy class of the map hy: (5", sg) — (X, xg) does not depend on the choice of the extension h.
We set: [w.] = [h1] € 7,(X, x0).

4.4 Definition. Given [1] € 11(X, x0, x1) let
Si): 7T (X, x1) = 7,(X, xo0)

denote the function given by sj;([w]) = [w<]

4.5 Proposition. 1) For any [t] € m(X, x0, x1) the function sjy is a group homomorphism.
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2) If[t] € m(X, xo0, x1) and [¢] € (X, x1, x2) then
S[rsa] = S[r] © S[o]* Tn(X, X2) = 7a (X, X0)

3) If ¢y, [0,1] = X is the constant path, c,(t) = xo for all t €0, 1], then S[eyy)* 0 (X, X0) = 7a (X, x0)
is the identity homomorphism.

Proof. Exercise. O

4.6 Corollary. Let X be a space and let xo, x1 € X. For any path 7:[0,1] — X be a path such that
7(0) = xo, T(1) = x1 the homomorphism s 7,(X, x1) = 7,(X, X0) is an isomorphism.

Proof. Let T be the inverse of 7. This defines homomorphisms
S 7 (X, x1) S (X, x0): S[7)
We will show that S = 5[_1]1 Indeed, by Proposition 4.5 we have
S[T] © S[r] = S[Tar] = Sleg) = ids, (X, %)

Analogously, sirj o sz = idx, (x,x)- -

Corollary 4.6 implies that if xp, x; are in the same path connected component of X then 7, (X, xg) =
7,(X, x1). On the other hand, if points xg, Xy € X belong to different path connected components of X,
then in general there is no relationship between 7,(X, xg) and 7, (X, x1).

4.7 Proposition. Let X be a space, xo € X, and let Xy be the path connected component of X such
that xo € Xo. Then the inclusion map i: Xo — X induces an isomorphism

it 71, (X0, X0) — 70 (X, X0)

Proof. Since I" is path connected, for any map w: (I",91") — (X, xo) we have w(/") C Xp. This shows
that i, is onto. Also, if h: I" x [0,1] = X is a homotopy h: w ~ &’ where w, w': I" — Xp then, since

I" x [0,1] is path connected, we have h(/" x[0,1]) C Xp. It implies that i, is 1-1. O

4.8 Note. Given a path connected space X we will sometimes write 1,(X) to denote the n-th homotopy
group of X taken with respect to some unspecified basepoint of X. By Corollary 4.6 this will not create
problems as long as we are interested in the isomorphism type of the fundamental group only.

Similarly as for the fundamental group we have:
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4.9 Proposition. Let f,g: X — Y be homotopic maps and let h: f ~ g. For xo € X let T be the path
in'Y given by t(t) = h(xo, t). The following diagram commutes:

7t (Y, g(x0))

715 (X, X0)

= | *ld

o
\

" (Y, (o))

Proof Exercise. O

4.10 Note. Proposition 4.9 implies, in particular, that if f,g: (X, x0) — (Y, yo) are maps of pointed
spaces and f ~ g (rel {xo}) then f, = g..

4.11 Corollary. If f,g: X — Y are maps such that f ~ g then the homomorphism f.: 7, (X, xg) —
w,(Y, f(x0)) is an isomorphism (or it is trivial or 1-1 or onto) if and only if the homomorphism
g« (X, x0) = (Y, g(x0)) has the same property.

4.12 Proposition. If f: X — Y is a homotopy equivalence then for any xo € X the homomorphism
fi: 70 (X, x0) = (Y, f(x0)) is an isomorphism.

Proof. Let g: Y — X be a homotopy inverse of f. Consider the sequence of homomorphisms

(X, x0) = (Y, F(x0)) 2 (X, gF(x0)) —= 7a(Y, Fgf (x0))

Composition of the first two homomorphisms satisfies g.f. = (gf).. Since gf ~ idx and idx. is an
isomorphism, by Corollary 4.11 we obtain that g.f, is an isomorphism. This implies in particular that g,
is onto. Similarly, composing the last two homomorphisms we obtain f.g. = (fg). and since fg ~ idy
we get that f.g, is an isomorphism. This means that g, is 1-1. As a consequence g, is an isomorphism.
It follows that the first homomorphism f, is a composition of two isomorphisms: f, = g;'(g.f.), and so
f. is an isomorphism. O

4.13 Corollary. If X, Y are path connected spaces and X ~ Y then m,(X, x0) = m,(Y, yo) for any
X0 € X, Yo € Y.

4.14 The action of 1. If [t] € (X, x0) then s[; is an isomorphism
Si]: 7T (X, X0) = 7a (X, X0)

Denote [1] O [w] := s[q)(w).
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4.15 Definition. For n > 0 the action of 71(X, x0) on 7, (X, xo) is the map

71(X, x0) X 7a(X, xo) — (X, x0)
(7], [w]) = [1]O[w]

4.16 Note. By Proposition 4.5, for any [7],[t'] € m(X, x0) and w, W’ € 7,(X, x0) we have:
e [0 (u]-[@) = (ow) - (ro[w)
o ((t-[7)olw]=[ro(Tofw])
o [¢,] O[w] = [w] where [cy,] € 71(X, X0) is the trivial element.
o [T] O ey, ] = [cx] Where [cy,] € 7n(X, X0) is the trivial element.

4.17 Proposition. For any map f: (X, xo) — (Y, yo) the following diagram commutes:

71(X, x0) X 7, (X, x0) 7, (X, x0)
fi X £y fi

7Y go) X 7ta(Y' yo) ——=—> 7ta (V' Yo)

Proof Exercise. O

4.18 Example. The action of m1(X, x9) on 71(X, xo) if given by conjugation:

4.19 Definition. A path connected space X is n-simple if for some xg € X the action of 711 (X, xp) on
7, (X, x0) s trivial: [1] © [w] = [w] for all [t] € m (X, x0) and [w] € 7, (X, x0). A path connected space
is simple if it is n-simple for all n > 1.

The following fact implies that n-simplicity of a space X does not depend on the choice of a basepoint
X € X:

4.20 Proposition. Let X be a space, let xo, x1 € X, and let t:[0,1] — X be a path such that 7(0) = xo
and (1) = xq. Then the following diagram commutes:

(X, 1) X T (X, x1) ——> 70(X, x1)

S[r] % 5[q] Sl

71(X, x0) X 7,(X, x0) 7 (X, Xo)
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Proof. Exercise. O

For spaces X, Y let [X, Y] denote the set of homotopy classes of maps X — Y. Notice that for any
space X and any n we have a map of sets

¢: (X, x0) = [S", X]

which maps the pointed homotopy class of map w: (S”, sg) — (X, x0) to the unpointed homotopy class
of the same map.

4.21 Proposition. Let X be a path connected space, and let n > 1. The following conditions are
equivalent:

1) X is n-simple.
2) For any xo, x1 € X, [1],[0] € m1(X, x0, x1) and [w] € 7,(X, x1) we have sjy((w]) = s|g|([w]). Thus
there is a canonical isomorphism 7, (X, x1) = 7, (X, Xo).

3) For any xo € X the map ¢: 7,(X, x0) — [S", X] is a bijection. Therefore any (unpointed) map
f: S" — X defines a unique element of 7, (X, xo).

Proof. 1) = 2) Let [t],[0] € m1(X, x0, x1) and [w] € 7,(X, x1). Since [T* 0] € (X, x1), by 1) we obtain

5[?]5[0}([0)]) = 5[?*01([0’]) = [w]

Also, since ST is the inverse isomorphism of S[7] we get

Sio)(@) = s{rsESie)(w]) = s(w)

2) = 1) Let [1],[cx,] € m(X, x0), where [cy,] is the trivial elemment. By 2) we have

sir)([@]) = se, (@) = []
for any [w] € 71,)(X, x0). Therefore X is n-simple.

1) = 3) The map ¢ is always onto. Indeed, take any map w: S” — X. Since X is path connected,
there exists a path 7:[0,1] — X such that 7(0) = xo and 7(1) = w(so). Consider the map

h: (5" x {0} U ({so} x[0,1) = X

so that h(s,0) = w(s) and h(so, t) = (1 — t). The pair (S", so) has the homotopy extension property,
so h can be extended to a homotopy h: S" x [0,1] — X. The for the map hy we have hq(sp) = xo, so
[h1] € 7n(X, x0). Also, h is homotopic to hg = w. Therefore we have ¢([h1]) = [w].

To show that ¢ is 1-1, we will use the description of si; in terms of maps from spheres given in Note
4.2. Given two elements [wo],[w1] € 7,(X, x0) assume that ¢((wo]) = ¢[wi]. This means that there
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exists a homotopy h: S” x [0,1] — X such that hg = wp and h1 = wq. Let 7:[0,1] — X be a path
given by t(t) = h(so, t). Then 7] € 11(X, x0), and by (4.2) we have

[wi] = [T] © [wo] = s7([wo])
By 1) we have s;z([wo]) = [wo]- Thus [wi] = [wo] € 7 (X, Xo).

3) = 1) Let [1] € m(X,x0), [w] € 7(X,x0). Let wr: (S",s0) — (X, x0) be some map such that
[wr] = s[q([w]). By (4.2) the maps w; and w are freely homotopic, i.e. ¢((w:]) = P((w]). By assumption
¢ is 1-1, thus we obtain

[w] = [we] = sr(w]) = [7] O[]

in 7, (X, xo).



